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Motivation

• Growing AI workloads demand higher computational
performance, especially on the edge devices.

• Energy depends on computation and data movement.

• The choice of application mapping and scheduling strongly
influences both performance and energy consumption.

• The large mapping design space requires evaluating many
alternatives.

• Simulation-based energy and performance evaluation is too
time-consuming for exhaustive exploration.

Can we avoid repeated simulation?
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Introduction
Symbolic Energy Analysis for Nested Loop Accelerators

Conventional Simulation-Based Evaluation

Application Modeling

Mapping & Scheduling

Parameter Instantiation

Cycle-Accurate / RTL Simulation

Energy & Performance Estimation

Repeated simulation for varying problem sizes

Context

• AI workloads, as well as many other digital
signal processing and scientific computing
applications, are usually represented as nested
loop programs.

• These can be accelerated on massively parallel
processor arrays (e.g., CGRAs, TCPAs, GPUs).

• Conventional mapping and scheduling
exploration of loop-nest applications follows
the workflow shown on the left.
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Introduction
Symbolic Energy Analysis for Nested Loop Accelerators

Proposed Symbolic Approach

Application Modeling

Mapping & Scheduling

Symbolic Counts
of Accesses
& Operations

Symbolic
Performance
Estimation

Architecture-Specific
Energy Weights

Symbolic Energy
Estimation

No time-intensive simulation for each problem size of
application required!

Context

• AI workloads, as well as many other digital
signal processing and scientific computing
applications, can be represented as nested
loop programs.

• These can be accelerated on massively parallel
processor arrays (e.g., CGRAs, TCPAs, GPUs).

• The energy impact of mapping and scheduling
decisions is analyzed symbolically.

• Symbolic operation and memory-access counts
are combined with energy weights for fast
energy estimation.
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Tightly Coupled Processor Arrays (TCPAs)

• Two-dimensional processor array for accelerating
multidimensional loop applications.

• Programmable Processing Elements (PEs)
connected through a configurable
neighbor-to-neighbor interconnect.

• Bordered by I/O buffers with dedicated Address
Generators (AGs) for efficient data transfer.

• Operates as a DMA-based coprocessor alongside
a host system.

Example of a Tightly Coupled Processor Array (TCPA) architecture [1, 2, 3].
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Loop-Nest Representation

Iteration Space
An n-dimensional loop nest is represented by the iteration space

I ⊆ Zn, i = (i0, i1, . . . , in−1)T ∈ I

with the polyhedral description

I = {i | Ai ≥ b}, A ∈ Zm×n, b ∈ Zm

Loop Program Representation
Loop nests are represented as Piecewise Linear Algorithms (PLAs),

Sq : xq[Pqi + fq] = Fq(. . . , xq,r[Qq,ri − dq,r], . . .) if i ∈ Iq ⊆ I

A Piecewise Regular Algorithm (PRA) is a special case of a PLA with

Pq = Qq,r = I, fq = 0.

The statement Sq can be expressed as

Sq : xq[i] = Fq(. . . , xq,r[i − dq,r], . . .) if i ∈ Iq ⊆ I
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Running Example
GESUMMV

GESUMMV [4] computes the sum of two matrix–vector products involving an input vector X ∈ ZN1 and two
matrices A, B ∈ ZN0×N1:

Y [i0] =
N1−1∑
i1=0

(A[i0, i1] · X [i1] + B[i0, i1] · X [i1]) , 0 ≤ i0 < N0.

This computation can be represented as a two-dimensional PRA over the iteration space

I = {(i0, i1) | 0 ≤ i0 < N0, 0 ≤ i1 < N1} ,

using the following set of statements:
S1 : x[i0, i1] = X[i1] if i0 = 0,

S2 : x[i0, i1] = x[i0 − 1, i1] if i0 > 0,

S3 : a[i0, i1] = A[i0, i1] · x[i0, i1],
S4 : b[i0, i1] = B[i0, i1] · x[i0, i1],
S5 : sA[i0, i1] = a[i0, i1] if i1 = 0,

S6 : s∗
A[i0, i1] = sA[i0, i1 − 1] if i1 > 0,

S7 : sA[i0, i1] = s∗
A[i0, i1] + a[i0, i1] if i1 > 0,

S8 : sB[i0, i1] = b[i0, i1] if i1 = 0,

S9 : s∗
B[i0, i1] = sB[i0, i1 − 1] if i1 > 0,

S10 : sB[i0, i1] = s∗
B[i0, i1] + b[i0, i1] if i1 > 0,

S11 : Y [i0] = sA[i0, i1] + sB[i0, i1] if i1 = N1 − 1.
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Symbolic Tiling

Partitioning of the Iteration Space [5, 6, 7]
The n-dimensional iteration space I is partitioned into congruent tiles using a partitioning matrix

P = diag(p0, p1, . . . , pn−1)

such that
I ⊆ J ⊕ PK

The intra-tile iteration space J is defined as:

J =
{

j = (j0, . . . , jℓ, . . . , jn−1)T ∣∣ 0 ≤ jℓ < pℓ

}
• j: iteration position within a tile
• pℓ: tile size along dimension ℓ

The tile-index space K is defined as:

K =
{

k = (k0, . . . , kℓ, . . . , kn−1)T ∣∣ 0 ≤ kℓ < tℓ

}
• k: tile index
• tℓ: number of tiles along dimension ℓ
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Symbolic Tiling
Dependencies Transformation

After tiling, each dependence d ∈ Zn is decomposed into the intra-tile dependence dJ and inter-tile
dependence dK .
Transformed PRA Statements

Sq : xq[j, k] = Fq(. . . , x∗
q,r[j, k], . . .) if j + Pk ∈ Iq (1)

S∗
q : x∗

q,r[j, k] = xq,r[j − d − Pγ, k + γ] if j + Pk ∈ Iq

∧ j − d − Pγ ∈ J .
(2)

For each solution γ satisfying {
γ ∈ Zn : −e < γ + P −1d < e

}
, e = (1 1 · · · 1)T

a corresponding statement S∗
q is created.

In the following, we call statements Sq of the form in Eq. (1) computational statements, as they involve the
computation of functions Fq, and statements S∗

q of the form in Eq. (2)memory-related statements, as only a
read of a right-hand-side variable and a write of the left-hand-side variable (copy) is involved.
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Running Example
Symbolic Tiling and Dependency Transformation

Consider: N0 × N1 = 4 × 5, t0 × t1 = 2 × 2
For the explanation of tiling transformation, consider statement S6

S6 : s∗
A[i0, i1] = sA[i0, i1 − 1].

The original dependence is
d = (0, 1)T .

After tiling, the two valid solutions are

γ(1) = (0, 0)T , γ(2) = (0, −1)T ,

According to Eq. (19), we obtain the following transformed statement S∗
6 .

S∗1
6 : s∗

A[j, k] = sA[j − (0, 1)T, k]
if j1 + p1k1 > 0 ∧ j − (0, 1)T ∈ J (Intra-tile)

S∗2
6 : s∗

A[j, k] = sA[j − (0, 1 − p1)T, k + (0, −1)T]
if j1 + p1k1 > 0 ∧ j − (0, 1 − p1)T ∈ J (Inter-tile)

resulting in

d∗
6 =

{
(0, 1, 0, 0)T ,
(0, 1 − p1, 0, 1)T .

PE PE

PE PE

I/O Buffers

I/O Buffers

I/
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Tiled GESUMMV iteration space mapped onto a 2 × 2 processor array.
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Symbolic Scheduling

A schedule assigns a start time τq(j, k) to a statement Sq when the operation Fq is computed for each iteration
(j, k) [8, 5].
• Iterations within a tile are executed sequentially or in a pipelined order with initiation interval π.
• Different tiles are scheduled in parallel across the processor array, resulting in a locally sequential,
globally parallel (LSGP) schedule.

• The schedule of iterations within a tile is described by an intra-tile schedule vector λJ , similarly, the start
time of tiles is also described by a so-called inter-tile schedule vector λK .

The schedule vector (λJ , λK) determines the global latency

GL = λJ

 p0 − 1
...

pn−1 − 1

 + λK

 t0 − 1
...

tn−1 − 1

 + Lc

where
Lc = max

1≤q≤|S|
(τq + wq).
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Running Example
Symbolic Scheduling of GESUMMV

For the tiled GESUMMV application, and assuming an initiation interval π = 1,
we obtain the symbolic intra-tile schedule

λJ = (1, p0)T

and the inter-tile schedule

λK =
(
p0, p0(p1 − 1) + 1

)T
.

The global latency is

GL = λJ · (p0 − 1, p1 − 1)T + λK · (t0 − 1, t1 − 1)T + Lc.

For Lc = 4, p0 = 2, p1 = 3, t0 = t1 = 2,

GL = (p0p1 − 1) + p0(t0 − 1) +
(
p0(p1 − 1) + 1

)
(t1 − 1) + 4,

and thus
GL = 5 + 7 + 4 = 16.
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Loop Nest Energy Analysis
Energy of Computational Statements

Let L : x → T denote the function that returns the memory class T = {RD, FD, ID, OD, IOb, DR} of a variable
xq appearing on the left-hand side (write) or x∗

q,r appearing on the right-hand side (read) of the statement Sq

in Eq. (1):
Sq : xq[j, k] = Fq(. . . , x∗

q,r[j, k], . . .) if j + Pk ∈ Iq.

The energy EC
q of executing one iteration of Sq can be evaluated as

EC
q = E(L(xq)) + E(Fq) +

R∑
r=1

E
(
L(x∗

q,r)
)

,

where
• R is the number of RHS input variables,
• E(Fq) is the arithmetic-operation energy,
• E(L(x)) is the (nominal) energy of either writing (x = xq) or reading
(x = x∗

q,r) data of memory class L(x).

· · · x∗
q,r · · ·

Fq

xq

dj , dk

Reduced Dependence Graph
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Loop Nest Energy Analysis
Energy of Memory-Related Statements

Similarly, considering memory-related statement S∗
q in Eq. (2):

S∗
q : x∗

q,r[j, k] = xq,r[j − d − Pγ, k + γ] if j + Pk ∈ Iq

∧ j − d − Pγ ∈ J .

The energy EM
q of execution of one memory-related statement S∗

q can be evaluated as

EM
q = E(L(xq)) + E

(
L(x∗

q,r)
)

The energy of a memory access E(L(x)) depends on the role of the variable and involved dependence vectors:

E(L(x)) =


E(DR) + E(IOb) + E(ID) if x ∈ I // input variable
E(DR) + E(IOb) + E(OD) if x ∈ O // output variable
E(RD) if dj = dk = 0
E(FD) if dj ̸= 0 ∧ dk = 0
E(ID) if dk ̸= 0
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Loop Nest Energy Analysis
Total Energy Evaluation

Finally, the total energy Etot for executing a parametric loop nest is obtained by summing up the energy of
each statement Sq after tiling, multiplied by the volume of Sq, being given by the number of integer points of
the polyhedral space where statement Sq is defined:

Etot =
∑
Sq∈C

Vol(Sq) · EC
q +

∑
Sq∈M

Vol(Sq) · EM
q
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Running Example
Symbolic Volume Computation

From the transformed statements S∗1
6 and S∗2

6 , we obtain two
corresponding iteration spaces:
• I∗1

6 for the intra-tile dependence,
• I∗2

6 for the inter-tile dependence.

I∗1
6 =


(j0, j1, k0, k1) ∈ Z4

∣∣∣∣∣∣∣∣∣∣∣∣

0 ≤ j0 < p0, 0 ≤ j1 < p1,

0 ≤ k0 < t0, 0 ≤ k1 < t1,

0 ≤ j0 + p0k0 < N0,

0 < j1 + p1k1 < N1,

0 ≤ j1 − 1 < p1



I∗2
6 =


(j0, j1, k0, k1) ∈ Z4

∣∣∣∣∣∣∣∣∣∣∣∣

0 ≤ j0 < p0, 0 ≤ j1 < p1,

0 ≤ k0 < t0, 0 ≤ k1 < t1,

0 ≤ j0 + p0k0 < N0,

0 < j1 + p1k1 < N1,

0 ≤ j1 + p1 − 1 < p1


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Running Example
Symbolic Volume Computation

Applying Barvinok’s algorithm [9] as part of the Integer
Set Library (ISL) [10] is able to compute the number of
integer-point counts for the two cases symbolically.

Intra-tile case: S∗1
6

Vol(S∗1
6 ) =



4p0(p1 − 1), 0 < p0, 2p0 < N0 ∧ p1 ≥ 2 ∧ 2p1 < N1

2N0(p1 − 1), N0 > 0, 2p0 ≥ N0 ∧ p1 ≥ 2 ∧ 2p1 < N1

(2N1 − 4)p0, 0 < p0, 2p0 < N0 ∧ p1 ≤ N1 − 2 ∧ 2p1 ≥ N1

N0(N1 − 2), N0 > 0, 2p0 ≥ N0 ∧ p1 ≤ N1 − 2 ∧ 2p1 ≥ N1

0, otherwise.

Inter-tile case: S∗2
6

Vol(S∗2
6 ) =


2p0, 0 < p0 < N0/2 ∧ 0 < p1 < N1,

N0, N0 > 0 ∧ p0 ≥ N0/2 ∧ 0 < p1 < N1,

0, otherwise.
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Running Example
Symbolic Volume Computation

Interpretation
Substituting N0 × N1 = 4 × 5 and p0 × p1 = 2 × 3 into the symbolic volume
expressions, we obtain

• Vol(S∗1
6 ) = 12 intra-tile dependencies → 12 yellow arrows

in the j1 direction.
• Vol(S∗2

6 ) = 4 inter-tile dependencies → 4 orange arrows in
the k1 direction.

For S∗1
6 , we obtain

EM
6∗1 = E(FD) + E(RD) = 0.35 + 0.12 = 0.47 pJ.

For S∗2
6 , we obtain

EM
6∗2 = E(ID) + E(RD) = 0.24 + 0.12 = 0.36 pJ.

Therefore:
ES∗

6
= 12(0.47) + 4(0.36)
= 7.08 pJ.
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Experimental Results
Accuracy and Analysis Time

Validation of Symbolic Analysis

• Reference: One cycle-accurate simulation run needed
for each problem size, executing every iteration,
computation and data access individually.

• Validation: Symbolic computation and memory-access
volumes are derived as closed-form expressions and
instantiated using the same problem sizes as in the
simulation.
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GESUMMV: Symbolic vs. simulation-based analysis time
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Experimental Results
Energy and Latency Scaling

Key Observation

Different memory and register accesses do not
necessarily scale at the same rate.
Their scaling depends on

tile sizes + data dependencies

Consequently, extrapolating activity counts
from a small simulated workload may not
accurately capture scaling at larger loop
bounds.

Total energy Etot and global latency GL vs. matrix size for GEMM
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Conclusion

Summary

We presented a framework for symbolic evaluation of energy and latency of tiled loop nests mapped onto
processor-array accelerators. Instead of repeatedly executing cycle-accurate simulations, our approach
derives reusable closed-form symbolic expressions.

• Symbolic computation and memory-access analysis using parametric loop bounds.
• One-time performed symbolic analysis allowing polynomial time evaluation of energy and latency for
arbitrary loop bounds and accelerator configurations.

• Enabling efficient architectural design space exploration.
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